We study here instability problems of standing waves for the nonlinear Klein-Gordon equations and solitary waves for the generalized Boussinesq equations. It is shown that those special wave solutions may be strongly unstable by blowup in finite time, depending on the range of the wave's frequency or the wave's speed of propagation and on the nonlinearity. © 2006 Elsevier Masson SAS. All rights reserved.
Introduction
In this paper, we study strong instability of standing wave solutions e iωt φ ω (x) for the nonlinear Klein-Gordon equation where n ∈ N, −1 < ω < 1, p > 1, p < 1 + 4/(n − 2) if n 3, and φ ω is the ground state, i.e., the unique positive radially symmetric solution in H 1 (R n ) of the equation
See Strauss [28] and Berestycki and Lions [3] for the existence, and Kwong [14] for the uniqueness of φ ω . The stability and instability of the ground state standing waves e iωt φ ω (x) for (1.1) have been studied by many authors. Berestycki and Cazenave [1] proved that e iωt φ ω (x) is strongly unstable by blowup (see Definition 1.2 below) when ω = 0 (see also Payne and Sattinger [24] and Shatah [26] ). Shatah [25] proved that e iωt φ ω (x) is orbitally stable when p < 1 + 4/n and ω c < |ω| < 1, where
.
On the other hand, Shatah and Strauss [27] proved that e iωt φ ω (x) is orbitally unstable when p < 1 + 4/n and |ω| < ω c or when p 1 + 4/n and |ω| < 1. Ohta and Todorova [22] proved that e iωt φ ω (x) is strongly unstable by blowup when n 3 and (p + 3)ω 2 (p − 1). Recently, it was proved by Ohta and Todorova [23] that e iωt φ ω (x) is strongly unstable by blowup when n 2, p < 1 + 4/n and |ω| ω c or when n 2, 1 + 4/n p < 1 + 4/(n − 1) and |ω| < 1.
For related results for the nonlinear Schrödinger equations, see [1, 9, 29, 30] , and for general theory of orbital stability and instability of solitary waves, see Grillakis, Shatah and Strauss [12, 13] .
In view of the result of Ginibre and Velo [11] , the Cauchy problem for (1.1) is locally well-posed in the energy space
, that is, for any (u 0 , u 1 ) ∈ X there exists a unique solution u = (u, ∂ t u) ∈ C([0, T max ), X) of (1.1) with u(0) = (u 0 , u 1 ) such that either T max = ∞ or T max < ∞ and lim t→T max u(t) X = ∞. Moreover, the solution u(t) satisfies the conservation laws of energy and charge
In what follows, we put φ ω = (φ ω , iωφ ω ). Then, note that
Orbital stability of standing waves for (1.1) refers to stability up to translations and phase shifts. More precisely, Definition 1.1 (Orbital stability and instability). We say that a standing wave e iωt φ ω (x) is orbitally stable for (1.1) if for any ε > 0, there exists δ > 0 such that for any Otherwise, e iωt φ ω (x) is said to be orbitally unstable.
Definition 1.2 (Strong instability by blowup).
We say that a standing wave e iωt φ ω (x) is strongly unstable by blowup if for any ε > 0, there exists (u 0 , u 1 ) ∈ X such that (u 0 , u 1 ) − φ ω X < ε and the solution u(t) of (1.1) with initial value u(0) = (u 0 , u 1 ) blows up in finite time.
In view of the above definitions of instability, if the standing wave e iωt φ ω (x) is strongly unstable by blowup, then it is orbitally unstable.
The principal result of the present paper for (1.1) is the following.
Let φ ω be the ground state of (1.3). Then the standing wave solution e iωt φ ω (x) of (1.1) is strongly unstable by blowup.
As mentioned above, the strong instability by blowup of standing waves e iωt φ ω (x) has been proved by [1] for the case ω = 0 and n 1, and by [22] for the case (p + 3)ω 2 (p − 1) and n 3. In the proof of Theorem 1.3, we need to assume that ω = 0 for technical reasons (see (2.1) and the proof of Proposition 2.1 below). Theorem 1.3 gives a new result for the case n = 1, 2, which is a natural extension of the result for the case n 3 by [22] . Although the result for the case n 3 is not new, the proof is slightly simpler than the one in [22] . In fact, the essential point in the proof of [22] was to introduce two appropriate invariant sets for the flow of (1.1) (see (2.4) in [22] ), while in the present paper we use only one invariant set Σ 1 which is defined by (2.5).
Now we turn attention to the Boussinesq equation (1.2). The original Boussinesq equation was the first model for the propagation of weakly nonlinear dispersive long surface and internal waves [5, 7] . Eq. (1.2) has the equivalent form
It is known in [17] that the Cauchy problem for (1.5) is locally well-posed in the space
Then, a simple computation shows that
The stability of solitary wave φ ω (x − ωt) up to translations can be defined in the following.
Definition 1.4 (Orbital stability and instability).
We say that a solitary wave solution φ ω (x − ωt) of (1.5) is orbitally stable if for any ε > 0, there exists δ > 0 such that for
Otherwise, φ ω (x − ωt) is considered to be orbitally unstable.
Definition 1.5 (Strong instability by blowup).
We say that a solitary wave solution φ ω (x − ωt) is strongly unstable by blowup if for any ε > 0, there exists (u 0 , v 0 ) ∈ X such that (u 0 , v 0 ) − φ ω X < ε and the solution u(t) of (1.5) with initial value u(0) = (u 0 , v 0 ) blows up in finite time.
The stability of solitary waves φ ω (x − ωt) with |ω| < 1 has been the subject of a number of studies, and a satisfactory stability theory is now in hand. For example, Bona and Sachs [4] proved that the solitary wave φ ω (x − ωt) is orbitally stable if 1 < p < 5, (p −1)/4 < ω 2 < 1. Liu [17] proved the orbital instability under the conditions 1 < p < 5 and ω 2 < (p −1)/4 or p 5 and |ω| < 1. On the other hand, Liu [18] showed that solitary wave φ ω (x −ωt) is strongly unstable by blowup for the wave speed ω = 0 (see also [19] ).
The principal result for (1.5) is stated as follows.
is strongly unstable by blowup.
In next section, we give the proofs of Theorems 1.3 and 1.6. The method of the proofs is based on the idea by Berestycki and Cazenave [1] in the study of strong instability of standing waves for the nonlinear Schrödinger equation as well as the nonlinear Klein-Gordon equation. The crucial point in their proof is to construct some suitable invariant sets under the flow of the evolution equations. Then the strong instability results are obtained by use of the virial identities with the variational characterization of ground states. This method is recently developed by many authors [18] [19] [20] [21] [22] [23] . To optimally use these virial identities, we need to construct some particular invariant sets of the flows of (1.1) or (1.5).
Notation.
As above and henceforth, we denote the norm of the Lebesgue space L p (R n ) by · p for 1 p ∞. The function space in which we shall work is the Sobolev space
Proof of strong instability
In this section, we prove the main results, Theorems 1.3 and 1.6. Define functionals J ω and K ω on H 1 (R n ) by
where we put
Note that
and by assumption (1.4) we have 2α > 1 if n = 1; α 0 if n 2; and 2α + n − 2 > 0 except the case n = 2 and (p + 3)ω 2 = p − 1. Moreover, we put
Then, we havẽ
2)
Our first goal is to show that the ground state φ ω belongs to the set M ω under the assumption (1.
To prove Proposition 2.1, we need the following lemmas.
Remark. In view of relation (2.3) and Lemma 2.2, it is found that
The following compactness lemmas are obtained by Fröhlich, Lieb and Loss [10] , Lieb [16] and Brezis and Lieb [6] . Lemma 2.3. [10, 16] Let {f j } be a bounded sequence in H 1 (R n ). Assume that there exists q ∈ (2, 2 * ) such that lim sup j →∞ f j q > 0, where 2 * = ∞ if n = 1, 2, and 2 * = 2n/(n − 2) if n 3. Then, there exist {y j } ⊂ R n and f ∈ H 1 (R n ) \ {0} such that {f j (· − y j )} has a subsequence that converges to f weakly in H 1 (R n ).
Lemma 2.4. [6] Let 1 q < ∞ and {f
Proof of Proposition 2.1. Let {v j } be a minimizing sequence of (2.3). By (2.2), we see that {v j } is bounded in H 1 (R n ). Indeed, when n = 1, 2, by the assumptions of Proposition 2.1 and (2.1), we have αω 2 > 0, so {v j } is bounded in H 1 (R n ). When n 3, by (1.4) and (2.1), we have α 0, so { ∇v j 2 } is bounded. Since 2 < p + 1 < 2 * , for any ε > 0 there exists C ε > 0 such that s p+1 εs 2 + C ε s 2 * for all s 0. Thus, by K ω (v j ) = 0 and the Sobolev inequality, we have 2α
Since { ∇v j 2 } is bounded, we see that {v j } is bounded in H 1 (R n ). Moreover, by K ω (v j ) = 0 and the Sobolev inequality, there exist positive constants C 1 , C 2 and C 3 such that
H 1 and lim sup j →∞ v j p+1 > 0. Therefore, by Lemma 2.3, there exist {y j } ⊂ R n , a subsequence of {v j (· − y j )} (we denote it by {w j }) and w ∈ H 1 (R) \ {0} such that w j w weakly in H 1 (R n ). By the weakly lower semicontinuity ofJ ω , we havẽ
Moreover, by Lemma 2.4, we have Proof. First, we show that M ω ⊂ G ω . Let w ∈ M ω . Then, there exists a Lagrange multiplier η ∈ R such that J ω (w) = ηK ω (w). That is, w satisfies
Since w = 0, we have
which implies 1 − (2α + n − 2)η > 0 and 1 − (2α + n)η > 0 in (2.4). Thus, by [8, Theorem 8.1.1], we have x · ∇w ∈ H 1 (R n ), and we have
where w λ (x) = λ α w(x/λ). Moreover, by K ω (w) = 0, we have 
Note that λ(φ ω , iωφ ω ) ∈ Σ 1 for any λ > 1.
Lemma 2.6. The set Σ 1 is invariant under the flow of (1.1). That is, if the data
is the solution of (1.1) with initial value (u 0 , u 1 ) and T max is the life span of u(t).
Proof. For the sake of convenience, we put
It is immediately observed that
From the conservation of energy and charge, we have
. So, to conclude the proof of the lemma, it suffices to show that K ω (u(t)) < 0 for any t ∈ [0, T max ). Suppose that there
. Thus, we see that u(t 0 ) = 0. Since K ω (u(t 0 )) = 0 and u(t 0 ) = 0, it follows from relation (2.6) and the definition of
) be the solution of (1.1) with data u λ (0) = λ φ ω , where φ ω = (φ ω , iωφ ω ) and φ ω is the ground state of (1.3). Let T λ be the life span of u λ (t). Define
The key lemma to prove the strong instability is the following lower estimate for the virial identity.
Lemma 2.7. For any λ > 1, there exists a constant a λ > 0 such that
Proof. By simple computations, we have
Here, in the last equality, we have used the fact that L ω and Q are conserved quantities. For any λ > 1, it is easy to see that
On the other hand, it is found that
Here, we put
Then, by (2.8)-(2.10), we have a λ > 0. Moreover, by (2.7), we have
is the solution of (1.1) with data λ φ ω ∈ Σ 1 , it follows from Lemma 2.6 that u λ (t) ∈ Σ 1 for any 0 t < T λ . Hence, it then follows from (2.11) and Lemma 2.2 that
+ a λ for 0 t < T λ . This completes the proof of Lemma 2.7. 2
Proof of Theorem 1.3 then follows from Lemma 2.7 and concavity arguments due to Levine [15] as in Payne and Sattinger [24] . For the sake of completeness, we give the proof.
Proof of Theorem 1.3. We use the notation of Lemma 2.7. Since λ φ ω → φ ω in X as λ → 1, it suffices to prove that T λ < ∞ for any λ > 1. We prove this by contradiction. Assume that T λ = ∞. By Lemma 2.7, we have I λ (t) a λ > 0 for any t ∈ [0, ∞). This implies that there exists t 1 ∈ (0, ∞) such that I λ (t) > 0 and I λ (t) > 0 for any t ∈ [t 1 , ∞). Let β = (p − 1)/4. Then by using Lemma 2.7 we obtain the following estimate
Thus, for t ∈ [t 1 , ∞), we have
Therefore,
so there exists t 2 ∈ (t 1 , ∞) such that I λ (t 2 ) −β 0. However, this is a contradiction. This completes the proof. 2
Having established the strong instability by blowup of standing waves for (1.1), attention is now given to the proof of Theorem 1.6, that is, strong instability of solitary waves for (1.5). The proof of Theorem 1.6 is similar to that of Theorem 1.3 and is approached via the following two main lemmas.
Lemma 2.8. Let
Then the set Σ 2 is invariant under the flow of (1.5). That is, if
, where u(t) is the solution of (1.5) with initial value (u 0 , v 0 ) and T max is the life span of u(t).
Proof. We omit the proof because it is similar to that of Lemma 2.6. 2
Note that λ(φ ω , −ωφ ω ) ∈ Σ 2 for any λ > 1. Proof. Since the proof of Lemma 2.10 is similar to that of Lemma 2.7, we only give an outline of the proof. A simple computation shows that
